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1^ Abstract 

Let G be a circle graph without clique on 4 vertices. We prove 
that the chromatic number of G doesn't exceed 30. 

u 

43 1 Introduction 
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Definition 1. Fix a circle. Let A be a finite set of chords of this 
l — 1 circle. A circle graph G(A) is a graph with A as a vertex set, in which 

^ two vertices are adjacent if and only if corresponding chords have a 

J> common inner point. 
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Figure 1: A circle graph 

As usual, let a proper coloring of a graph be such a coloring of 
vertices of this graph, that any two adjacent vertices have different 
colors. 
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We denote by ui{G) the size of a maximal clicque of the graph G 
and by x(G) the chromatic number of the graph G, i.e. the minimal 
number of colors in a proper coloring of this graph. 

Let G be a circle graph. One can find several results about bounds 
of x(G). In 1988 A. V. Kostochka p] proved that X {G) < 5 if 
= 2. In 1996 A. A. Ageev [2] introduced an example of a circle 
graph G with u(G) = 2 and x(G) = 5, i.e. proved that the aforemen- 
tioned bound on the chromatic number for uj(G) = 2 is tight. In 1997 
A. V. Kostochka and J. Kratochvil [3] proved, that \{G) < 2 tJ ( G )+ 6 . 
In 1999 A. A. Ageev [I] proved, that if oj[G) = 2 and the graph 
G has girth at least 5 (i.e. contains no cycles of length 3 and 4), 
then X (G) ^ 3. 

In 2011 A. V. Kostochka and K. G. Milans [7] proved that a circle 
graph without K± has a proper coloring in 38 colors. We prove that 
such a graph has a proper coloring in 30 colors. 

2 Proper coloring of a circle graph with- 
out K± in 30 colors. 

Hereafter we mean by a coloring of chords of the set A a proper color- 
ing of the vertices of the graph G(A). We work with arcs and chords 
of a fixed circle. 

Lemma 1. Let an arc (X,Y) and two sets of chords A and B satisfy 
the following conditions: 

(1) Each triangle in G{A U B) contains at most one chord of the 
setB. 

(2) Each chord of the set A has exactly one end on the arc (X, Y). 

(3) For each chord bj G B both ends of bj are on the arc (X,Y), 
and there exists a chord a\ G A, such that intersect bj . 

Then there is a proper coloring of the set of chords B in 3 colors. 




Figure 2: Sets of chords A and B 



2 



Proof. We suppose that chords of the set A are enumerated in the 
order in which their ends lie on the arc (X,Y) (from X to 1"). On 
the figure 2 chords of the set A are shown as dashed lines and are 
enumerated, chords of the set B are shown as solid lines. 

For each chord bj € B denote by Pj + 1 and Qj the minimal and 
maximal numbers of chords of A, that intersect bj. Consider the 
interval PjQj on the real line. 

Note that our intervals cannot intersect each other, i.e. the situ- 
ation when Pi < Pj < Qi < Qj for two intervals PiQi and PjQj is 
impossible. Otherwise correspondent chords and the chord ap. form 
a triangle in the graph G(A U B). 

If two chords from B intersect each other, then corresponding in- 
tervals will touch each other, i.e. the left end of one of them coincides 
with the right end of another. If we obtain equal intervals for some 
two chords, we identify them and consider such interval only once. 

Now we shall color these intervals in 3 colors in such a way that 
any two touching intervals have different colors. It is easy to see that 
the corresponding coloring of chords is proper. 

We shall color each interval and its left end in the same color (i.e. 
the color of an interval is the color of its left end) . Let us describe the 
order of coloring. On each step we do the following. 

1° If it is possible, we choose the maximal uncolored left end, which 
is a right end of a colored interval. 

2° If we cannot perform item 1°, then we choose the minimal left 
end among uncolored ends. 

Let's prove that on each step we can find a color for the choosen left 
end. Let L be this left end and right ends Pi, ... , R n form intervals 
with L (right ends are enumerated in increasing order). 

Let's prove that at most one of the points Pi,...,P„ is already 
colored as a left end. Assume the contrary, let Ri and Rj be colored, 
where i < j. Consider the first colored point D strictly inside the 
interval LRj. Consider the moment when we have colored D. At 
that moment there was no colored interval ID with right end D, since 
otherwise either / lies on LRj and was colored before D, or ID in- 
tersects LRj. Thus we cannot color D according to item 1°. But we 
also cannot color D according to item 2°, since L < D and L was not 
colored in the considered moment. We obtain a contradiction. 

Let's prove that at most one interval with end L is colored. Sup- 
pose the contrary, let two intervals P\L and PjL be colored (since L 
is not colored, then L is the right end of both colored intervals). As- 
sume that Pi was colored before P2. At the moment of coloring P2 the 
point Pi was colored (and, hence, the interval PiL was colored). Since 
the point L is not colored and is the right end of a colored interval, we 
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must color accordingly to item 1°. But in this case we would color L 
instead of P2, since L > P^. We obtain a contradiction. 

Thus not more than two colors are forbidden for L and we can 
color L. 

Hence all chords of the set B can be proper colored in 3 colors 
according to the coloring of correspondent intervals. □ 

Lemma 2. Let an arc (A, Y) and two sets of chords A and B satisfy 
the following conditions: 

(1) The graph G{A U B) does not contain A4. 

(2) Each chord of the set A has at most one end on the arc (A, Y) . 

(3) For each chord bj £ B both ends of bj are on the arc (X, Y), 
and there exists such a chord ai G A, that a« intersect bj . 

Then there is a proper coloring of chords of the set B in 15 colors. 

Proof. Note, that chords of the set A, which have no end on (X, Y), 
cannot intersect chords of the set B. We remove all such chords 
from A. Now every chord of A has exactly one end on (X, Y) . 

We suppose that chords of the set A are enumerated in the same 
order as their ends on the arc (X, Y) (from X to 1"). Let Aj be the 
end of a chord aj G A on the arc (X, Y). We add points Aq = X, 

Al as t = Y. 

We construct a new set of chords C. For each j consider all ends 
of chords from B, that lie between Aj and Aj + i. We change the 
order of these ends. At first we mark all the right ends (with the 
same enumeration as before), and then mark all the left ends (also 
in the same order as before). Since no chord has both ends between 
Aj and such transformation is possible. An example of this 

transformation is shown on figure 3. 




Figure 3: Construction of the set C 

In the constructed set there are no intersections of pairs of chords, 
one of which have the right end between Aj and Aj + \ and the other 
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have the left end between Aj and Aj + \. All other intersections of the 
chords of the set A U B remain in the set A U C. 

Let's prove that there is no triangle in G(C). Assume the con- 
trary, let chords LiR\, L2R2 and L3.R3 form a triangle. Then by 
construction of the set C there is a point Aj between max(Li, L2, L3) 
and min(i?i, R2, R3), hence there is a subgraph K4 in G(AuC). Then 
there is a subgraph K4 in G(A U B), we get a contradiction. 

Thus, there is no triangle in G(C) and then by the work [1] we 
can color chords of the set C in 5 colors. We consider the coloring of 
chords of the set B in 5 colors, corresponding to a proper coloring of 
chords of C. 

Let us correct the coloring of chords of B. Consider a color w 
and the set of chords B w which have this color. Let's prove that the 
graph G(B W U A) cannot have a triangle with at least 2 chords of B w . 
By the construction of the set C, if two chords b^,be £ B w intersect 
each other, then the left end of one of them and the right end of the 
other lie between Ai and -Aj+i for some i, see figure 4. 




Figure 4: Intersecting chords of B w 

Hence no chord of the set A can intersect both chords bk and be, 
consequently, there is no triangle with two chords of B w and one chord 
of A. If some chord of B w intersects both chords bk and be, then this 
chord intersects aj or aj+i, thus there is a triangle with two chords 
of B w and one chord of A. But we have already proved that it is not 
possible. 

Then by lemma [T] we can color chords of the set B w in 3 colors. 
Thus we can color all chords of the set B in 15 = 5 • 3 colors and this 
coloring will be proper. □ 

Lemma 3. Let an arc (X, Y) and two sets of chords A and B satisfy 
the following conditions: 

(1) The graph G{A U B) does not contain K^. 

(2) Each chord of the set A has at most one end on the arc (X, Y) . 

(3) For each chord bj G B both ends of bj are on the arc {X, Y) . 
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(4) Every connected component of the graph G(AuB) contains at 
least one chord of the set A. 

Assume additionally that there exists a proper coloring of the set A 
in (at most) 15 colors. Then it is possible to color chords of the set B 
such that the resulting coloring of the set AU B is a proper coloring 
in not more than 30 colors. 

Proof. Note that chords of the set A, which have no end on (X, Y), 
cannot intersect chords of the set B. We remove all such chords 
from A. Now any chord of A has exactly one end on (X, Y) . 

We suppose that chords of the set A are enumerated in the order 
in which their ends lie on the arc (X, Y) (from X to 1"). Let Aj be 
the end of a chord aj £ A on the arc (X, Y). We add points Aq = X, 
Ai as t = Y. 

We prove the statement of Lemma by induction on \B\. The base 
is the obvious case |£>|=0. 

Induction step. Let C be the set of all chords of B, that intersect 
chords of A and B' = B\C. Clearly, C is nonempty. By Lemma [2] 
there is a proper coloring of chords of the set C in 15 colors. We use 
for this purpose 15 colors not used for coloring of the set A and obtain 
a proper coloring of the graph G(A U C) in not more than 30 colors. 

Since no chord of B' intersect a chord of A, then for each chord 
b 6 B' there exists such j, that both ends of the chord b lie between Aj 
and Aj + \. Let Bj be a set of all chords from B' such that both ends 
of these chords lie between Aj and Aj + \. Then B' = \JBj. Obviously, 
chords of different sets Bj do not intersect each other. 

It is enough to color each set of chords Bj separately so that the 
coloring of the graph G(A U C U Bj) is proper. Since no chord of Bj 
intersect a chord of A and the coloring of G(AL)C) is proper, it suffices 
to color Bj so that the coloring of the graph G(C U Bj) is proper. 

Let us consider an arc (Aj, and prove by induction, that we 

can color chords of the set Bj. We use the arc (Aj,Aj + \) instead of 
the arc (X, Y), and sets of chords C and Bj instead of A and B . Let 
us verify the conditions of Lemma. 

1) The graph G(CuBj) is a subgraph of the graph G(AuB), hence 
it does not contain K4. 

2) Each chord of the set C has at most one end on the arc (Aj, Aj + \), 
since this chord intersects some chord from A. 

3) This condition is clear by the construction of Bj. 

4) Assume that the condition (4) does not hold and there is a 
connected component in the graph G(CL)Bj), which contais no chords 
of C. Chords of this component do not intersect chords of the set A 
(since only chords of C intersect chords of .A) and do not intersect 
chords of any set Bi for i / j. Hence this connected component 
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(without chords of the set A) is a connected component of the graph 
G(A U £>), that contradicts to the condition of Lemma. 

Thus conditions hold and \B%\ < \B\ (otherwise \C\ = 0). Now we 
can use the induction assumption and finish the proof. □ 

Theorem 1. Let the set of chords A be such that the graph G(A) does 
not contain K^. Then there is a proper coloring of chords of the set A 
in 30 colors. 

Proof. We assume, that the circle graph G{A) is connected (other- 
wise we color each connected component independently). 

Consider a chord CD from A and any arc (X, Y), which contains 
all ends of the chords of the set ^4, except D. Let B = A \ {CD}. We 
color the chord CD in color 1. 

Let us verify the conditions of lemma [3] for the arc (X, Y), first set 
of chord {CD} and second set of chords B. 

1) The graph G({CD} UB) = G(A) does not contain K A . 

2) Exactly one end of the chord CD lies on the arc (X, Y). 

3) Both ends of any chord from B lie on the arc (X, Y) . 

4) Since the graph G({CD} UB) = G(A) is connected, it has only 
one connected component and this component contains CD. 

Thus all conditions hold and we can color chords of the set A in 
30 colors. □ 

Remark. By the same method one may show that any circle graph 
without K n has a proper coloring in 5 • 6™ -3 colors. 

Translated by D. V. Karpov, edited by F. V. Petrov. 
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